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Abstract 

In this work we investigate regularity properties of a large class of Hamilton- Jacobi-Bellman 
(HJB) equations with or without obstacles, which can be stochastically interpreted in form of a 
stochastic control system which nonlinear cost functional is defined with the help of a backward 
stochastic differential equation (BSDE) or a reflected BSDE (RBSDE). More precisely, we prove 
that, firstly, the unique viscosity solution V{t,x) of such a HJB equation over the time interval 
[0,T], with or without an obstacle, and with terminal condition at time T, is jointly Lipschitz 
in (t, x), for t running any compact subinterval of [0,T). Secondly, for the case that V solves 
a HJB equation without an obstacle or with an upper obstacle it is shown under appropriate 
assumptions that V{t,x) is jointly semiconcave in (t,x). These results extend earlier ones by 
Buckdahn, Cannarsa and Quincampoix [1]. Our approach embeds their idea of time change into 
a BSDE analysis. We also provide an elementary counter-example which shows that, in general, 
for the case that V solves a HJB equation with a lower obstacle the semi-concavity doesn't hold 
true. 
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1 Introduction 



We are interested in regularity properties of possibly degenerate Hamilton- Jacobi-Bellman (HJB) 
equations with or without obstacles. More precisely, we consider the following HJB equation 

^V{t, x) + miueuHit, x, V{t, x),VV{t, x),D^V{t, x), u) = 0, (1.1) 
at 

and the following HJB equation with either a lower obstacle 

. . ^2. 



min <j V{t, x) - ip{t, x), ~-Q-V{t, x) - miueuH{t, x, V{t, x),VV{t, x),D^V{t, x), u)} ^0, 



(1.2) 

or with an upper obstacle, 

ma.xi^V{t,x) - (p{t,x),--^V{t,x) - m{^^{jH{t,x,V{t,x),W{t,x),D'^V{t,x),u)^ = 0, 

(1.3) 

{t,x) e [0,r] X with terminal condition V{T,x) = $(a;), x G R'*, and with the Hamiltonian 

H{t, X, y,p, A, u) = itr {acr* {t, x, u)A) + b{t, x, u)p + /(i, x, y,p(j{t, x, u),u), 

{t,x,y,p,A,u) € [0, T] X R"* X M X K'' X S'' X U, where S'* denotes the space of all symmetric 
d X d matrices, and C/ is a compact metric control state space. If aa*(t,x,u) > a/jjd (a > 0), 
the regularity of the solution of the HJB equation (II. ip is well studied (see, e.g., Krylov |10)). 
Here we are interested in the case of possible degeneracy of aa* . 

It is well-known that under continuity and growth assumptions on the coefficients, the HJB 
equations p. II) . (II. 2p and (|1.3p have a unique viscosity solution V G Cp([0, T] x R"*), respectively; 
see, e.g., Buckdahn and Li [2], [3], Wu and Yu 16 , Crandall, Ishii, Lions [5 (the reader more 
interested in viscosity solution is referred to the latter reference). Moreover, if the coefficients 
b, (T, / are continuous and of linear growth, and if b{t, ., u), a(t, ., u), f{t, ., ., ., u) are Lipschitz, 
uniformly with respect to u, then 

(i) \V(t,x)~V{t,x')\<C\x~x'\, 

(ii) |t/(t,x) - V{t',x)\ < C{1 + \x\)^/\t^\, 

{t,x), {t',x') e [0,r] x R'', for some constant C £ R+; see, e.g.. Lemma 3.5 and Theorem 3.10 
in Buckdahn and Li [2], or Peng [13], for the HJB equations (jl.ip : Lemma 3.1 and Theorem 3.2 
in Buckdahn and Li J, or (ii) from the proof of Proposition 3.12 in Wu and Yu [16 , for the 
HJB equations (fO)) and (lOt . 



Remark 1.1 Indeed, in 121 and \3I stochastic differential games and the viscosity solutions 
of the associated HJB-Isaacs equations with and without obstacles are studied, but, stochastic 
control problems and associated HJB equations with and without obstacles can be regarded as a 
special case, in which the control state space of one of the players is a singleton. Therefore, here 
we can use the results from '21 and 0/. 

However, here we are interested in regularity properties of V{t,x) in {t,x). These regularity 
properties concern the joint Lipschitz property of V in (t, x), but also the semiconcavity of V in 
{t, x), where the semiconcavity is understood in the following sense (the reader is referred to [I] 
or m): 
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Definition 1.1 Let AcR'^ be an open set and let / : [0, T] x A R". We say that f is (C5-) 
semiconcave (with linear modulus) in A if for all S > 0, there exists a constant Cs > such 
that, for all x, x' G A, t, t' e [0, T - 5], and for all A G [0, 1], 

Xf{t, x) + {l- X)f{t', x') < f{X{t, x) + {l~ X){t',x')) + CsX{l - A)(|t - tf + la; - xf ). (1.5) 

Any constant Cs satisfying the above inequality is called a semiconcavity constant for f in A. 

However, one has to be careful here. It turns out, and will be pointed out by counterexam- 
ples, that the joint Lipschitz continuity and the semiconcavity don't hold on [0, T] x R'', but only 
on [0,T — (5] X R'', for any 6 > 0. We emphasize the importance of the semiconcavity of V on 
[0, T—6] xR"*, for any S > 0, which has, due to Alexandrov's theorem, the immediate consequence 
that V admits a second order expansion with respect to {t, x), in almost every {t, x) G [0, T] x R'^. 
Cannarsa and Sinestrari U (for a = 0) showed that these regularity properties are the best ones, 
which can be expected for Hamilton- Jacobi equations. The Lipschitz continuity and semicon- 
cavity of V(t,x) in X, uniformly with respect to t £ [0,T], have been well-known already for a 
long time. They are the result of straight-forward computations; see, for instance, Fleming and 
Soner [5] , Peng [T3] , Ishii and Lions [3] , Yong and Zhou [TS] . Buckdahn, Cannarsa and Quincam- 
poix [T] studied recently the joint Lipschitz continuity and semiconcavity of solutions V{t,x) of 
HJB equation without obstacle when f{t,x,y,z,u) = f{t,x,u) doesn't depend on {y,z). They 
used a new technique which is a method of time change in the associated stochastic control 
problem. In this paper we adapt their method to more general HJB equations and to HJB 
equations with obstacle by developing an associated approach using backward stochastic differ- 
ential equations (BSDEs). To be more precise, let {t,x) G [0,r] x R'', and W = {Ws)se[t,T] be 
a m-dimensional Brownian motion with Wt = 0. By — {J^^ — a-{Wr,r < s}\/ J\fp}s£it.T] 
we denote the filtration generated by W and augmented by all P-nuU sets. We consider the 
following forward stochastic differential equation (SDE) 

dXl^-'^^a{s,Xl'-''",Us)dWs+b{s,Xl'-^\u,)ds, s e [t,T], 

Yt.x.u (1-6) 

which we associate with the reflected backward stochastic differential equation (RBSDE) with 
a lower obstacle 

' dr,*'^'" = -f{s, x*'^'", y,*'^'", z*'^''", us)ds + zl'^^'^'dyVs - dKl^""^", 

< Y-^'^'" = $(X^^'"), K*'^'"continuous, increasing, X*'="'" = 0, (1.7) 
. n*'"'" > (n*'"'" - ¥>(s,X*'"'"))di^*'"'" = 0, s G [t,T], 

where, the admissible controls u belong to the space := L'^^{t,T\U) of F^-adapted U- 
valued processes, and C/ is a compact metric space. The coefficients 

CT : [0, T] X R"* X [/ ^ R''^™, 6 : [0, T] x R'' x [/ ^ R"*, 

/ : [0, T] X R'' X R X R" x [/ ^ R, $ : R'^ ^ R and ^ : [0, T] x R'' ^ R 

are continuous functions which we suppose to satisfy the following standard conditions: 

HI) The functions a{., ., it), &(., ., u), /(., ., ., ., it), 'p{., .) are Lipschitz in [t, x, y, z) G [0, T] x 
R'' X R x R™, uniformly with respect to w G C/, and $ : R"* ^ R is Lipschitz in a; G R"*. 
H2) The functions cr, 6, /, ip and $ are bounded. 

H3) $(x) > (p(r,a;),a; G R"*. 

The above RBSDE was introduced in El Karoui, Kapoudjian, Pardoux, Peng and Quenez [7]. 
It extends the notion of BSDEs, which was the first time studied in its general form by Pardoux 
and Peng ^12j, by endowing it with a lower or an upper barrier. 
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Then from [TU] and [7] we know that SDE (HI]) and RBSDE ([TTD have a unique F^-adapted, 
square integrable solution X*'^'", and (y'^-^-'^^ Z*'^'"^, K'^'^-'"), respectively. From [3] (or [TB]) we 
know that the deterministic function 

v{t,x) ~ inf„g;,w r/'^'", {t,x) e [o,r] x r'' (i.s) 

belongs to C;([0,T] x R*^) , and is the unique viscosity solution (unique in Cp{[0,T] x R'')) of 
HJB equation p.2p with obstacle. 

Remark 1.2 By C/ ([0, T] x R'') (respectively, Cp([0, T] x R'') j we denote the space of continuous 
real functions over [0,T] x R'^ which have at most linear (respectively, polynomial) growth. 

For the proof that V is deterministic, the reader is referred to Proposition 3.3 in [2 or 
Proposition 3.1 in 3 . Using the time change method in the above control problem for SDE 
(fTH)) and RBSDE (fL7)) we get our main results. 

Theorem 1.1 Under the assumptions (H1)-(H3), V{t, x) is joint Lipschitz continuous in (t, x) € 
[0,T — S] X W^, for all <5 > 0, i.e., there exists Cs > such that, for any (t,x),{t' ,x') G 
[0,T-6] X R'*, 

\Vit,x)~Vit',x')\<Csi\t-t'\ + \x~x'\). (1.9) 

In fact, we will even show more: the value functions Vn,n > 1, of the associated stochastic 
control problem in which the reflected BSDE is replaced by the penalized one (see (|2.7p and 
(j2.9p ). satisfy ()1.9p . uniformly with respect to n > 1. 

Remark 1.3 A symmetric argument shows that the continuous viscosity solution V(t, x) of 
equation with an upper obstacle also satisfies the joint Lipschitz property as that stated 

in Theorem 1.1 for the viscosity solution of the equation iLS^) with a lower obstacle. For the 
stochastic interpretation of the solution V of equation lll.3\) the reader is referred to I13.S\) . 

Concerning the joint scmiconcavity which is our second main result, we will give a counterex- 
ample which shows that the viscosity solution V of HJB equation (|1.2|) with a lower obstacle 
is, in general, not semiconcave on [0, T — S] xM.'^ {S > 0), even if the lower obstacle is constant. 
However, if V is the viscosity solution of HJB equation (|1.3p with an upper obstacle, then V 
has the joint scmiconcavity property in (t, x) € [Q,T — 6] x M.'^, for all 6 > 0. For this we need 
the following assumptions: 

H3') $(a;) < ip{T,x),x e R'^. 

H4) /(t, X, y, z, u) is semiconcave in {t, x, y, z) G [0, T] x R'^ x R x R™, uniformly with respect 
to u Cz U (i.e., the scmiconcavity constant C's doesn't depend on u); $(a;) is semiconcave. 

H5) The first-order derivatives V(( a;)6, 'V(^t,x)<^ of b and a with respect to (t,x) exist, are 
continuous in (t,x,u) and Lipschitz continuous in {t,x), uniformly with respect to u G ?7. 

H6) f{t, X, y, z, u) = f{t, X, y, u) is independent of z; (p is semiconcave in {t, x) G [0, T] x R''. 

H7) ip\t, = G R, it, x) G [0, T] X R'*. 

Theorem 1.2 In addition to (HI), (H2), and (H3'), we assume that H4-), H5) as well as either 
H6) or HI) hold. Then, the value function V which is the viscosity solution of HJB equation 
\1.3\) . is {Cs)- semiconcave on [0,T — 5] x R'', for all 5 > 0. 

Remark 1.4 A standard transformation allows to replace the assumption H7) of constancy of 
ip by that ip G Cj^'*([0,T] x R''). For simplicity we restrict ourselves to H7). However, also here 
for the case of scmiconcavity we will prove even more: under the assumptions of the theorem the 
value functions Vn, n > 1, of the associated stochastic control problem, in which the reflected 
BSDE is replaced by penalized ones (see, 7| j and |g. 7\ )), are Cs -semiconcave on [0, T—S] x R**, 
uniformly with respect to n > 1, for all 6 > 0. 
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Remark 1.5 1) The boundedness assumption on the coefficients is made to simplify the com- 
putations and to emphasize the main arguments. 

2) The above two theorems remain valid for HJB equations il.l]) without obstacle. Indeed, 
all coefficients are bounded, and so the viscosity solution V{t, x) of the HJB equation without 
obstacle is \V{t,x)\ < C, {t,x) e [0,T] x R-^, for some C € M depending only on the bounds 
of a, b, f and $. It suffices to suppose that the obstacle ip is sufficiently large, i.e., \ip(t,x)\ > 
C, {t,x) e [0,r] X R'^, m order to interpret V as a solution of HJB equation with obstacle. On 
the other hand, the associated BSDE becomes a RBSDE with a lower obstacle or an upper one, 
see Remark \2.1\ Therefore, we only need to study HJB or lll.3\) . 

Our paper is organized as follows. In Section 2, we study the joint Lipschitz continuity 
for the HJB equations with or without obstacles with the help of the associated stochastic 
control problems which cost functionals are given by BSDEs or by RBSDEs. For this end, a 
special BSDE method based on a time change is developed. Section 3 is devoted to study the 
semi-concavity for the HJB equations with or without obstacles. We prove that, under some 
appropriate assumptions, the viscosity solution V also satisfies the semiconcavity property, but 
only if it is the solution of a HJB equation (|1.3p with an upper obstacle. Our analysis is based 
on the combination of two time changes and the development of appropriate BSDE estimates 
under time change. Concerning the viscosity solution of a HJB equation (|1.2p with a lower 
obstacle, we show with a simple counter-example that semiconcavity is, in general, not satisfied. 
For the purpose of readability some basics on BSDEs and RBSDEs are given, but postponed to 
the Appendix (Section 4). 



2 The joint Lipschitz continuity of the value function 

Given a compact metric control state space U we consider the Hamilton- Jacobi-Bellman (HJB) 
equation with a lower obstacle 

min |y(i, x) - Lp{t, x), -^y{i. x) - \niueuH{t, x, V{t, x),\JV{t, x),D^V{t, x), u)| = 0, 

(2.1) 

{t,x) e [0,r] X M"*, with terminal condition V{T,x) = $(a;), x e R"^, and with the Hamiltonian 

H{t, X, y,p, A, u) = -tr {era* {t, x, u)A) + b{t, x, u)p + f{t, x, y,pa{t, x, u),u), 

{t,x,y,p,A,u) e [0,r] X R'' X R X R"* X S"* X U. 
The coefficients 

cr: [0,T] xR'^ X t/^R''^"', b : [0,T] xW^ xU ^R'^, 

/ : [0, T] X R'' X R X R" X [/ ^ R, $ : R'' ^ R and ^ : [0, T] X R'' R 

are continuous functions which we suppose to satisfy Hl)-H3). 

It is by now well-known (see, for instance, [3], [16]) that the above HJB equation with the 
obstacle possesses a continuous viscosity solution V G C(,([0,T] x R'^) (the space of bounded 
continuous functions over [0,T] x R'') which is unique in the class of viscosity solutions with 
polynomial growth. It can be stochastically interpreted by the following controlled stochastic 
system. 

Let {t,x) e [0,r] X R''. Given a m-dimensional Brownian motion W = (Ws)se[t,T] with 
Wt = 0, defined on a complete probability space {il,J^,P) endowed with the filtration F'^ = 
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{^^)se[t,T] generated by the Brownian motion W and completed by all P-nuU sets. We intro- 
duce the following spaces which will be used frequently in what follows: 

5|„' (t, T; M'') := {iips)t<s<T M''-valued F^-adapted continuous process : E[ sup [V'sP] < +00}; 

t<s<T 

Lliv{t,T;R'') := {i'ips)t<s<T R'^-valued F^-progressively measurable : E[J^ IV'spds] < +00}; 

Aliir{t,T) := {{■ips)t<s<T e S^i^-{t,T;M.) : Tp increasing process, Vt = 0}. 
We consider the forward stochastic differential equation (SDE) 

r dX*'-'" = X*'-'", Us)dWs + b{s, X*^-'", Us)ds, s G [t, T], 

which we associate with the reflected backward stochastic differential equation (RBSDE) with 
a lower barrier 

^Y^.x^u ^ j^t,x,u^ y-^t,:.,^^ + - dif*'^'", 

r^^"^" = (2.3) 

r;^^^" > (^(s,x*'^'"), (i;*'^'" - ip{s,xY-'^''))dKl'^''^ = o, s e [t,T]. 

The control process m runs the set of admissible controls U^j, := L°„,(t,r; L/), defined as set 
of all F^-progressively measurable processes over {n,J',P), taking their values in U. Then, 
from [To] and [7] we know SDE ([2^ and RBSDE (|231) have a unique solution 

In order to emphasize that we have to deal with the solution of a decoupled forward-backward 
system driven by the Brownian motion W, we also write 

{Y*''-''"{W), K*''''''{W))) = (X*'^'", (r*'^'", 2'*'^'", X*'""'")). 

Observe that Y^'^'^ is J^^^-measurable, and can, hence, be identified with the deterministic real 
value Moreover, from 3 or |16] we know 

Vit, x) inf {t, x) e [0, T] x (2.4) 

belongs to Cb([0,T] x M"^) and is the unique viscosity solution (unique in Cp([0,T] x W^)) of 
HJB equation (|2.ip with the obstacle. Standard SDE and BSDE estimates allow to show (see, 
e.g., [3] or [IS]) that, for aU t, t' e [0,T], x, x' G M'', 

(i) mi,a:)| <C, 

(ii) |l^(i,a;)-^(i,a;')| < C\x-x'l (2.5) 



(iii)|l-(i,x) - F(t', x)\ < C{1 + \x\)./\t^\. 



Remark 2.1 The above constant C depends only on the bounds and the Lipschitz constants of 
the functions a, b, /, ip and We also observe that, if the coefficients f and $ are bounded by 
Co G IR"*" and ip < —Cq{1 + T) on [0,T] x M'', then from the comparison theorem-Lemma 4-4 
Section 4 

|y^t,a;,n| < Co{l+T), andKl^''^'^ = 0, s G [i,r], {t,x) G [0,r] x W^. 
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This also shows that, by choosing ip(t,x) = ~Cq{1 + T), (t,x) G [0,T] X R'', a BSDE with the 
coefficients f and $ bounded by Cq can be regarded as a reflected BSDE with a lower barrier 
Tp, which coefficients satisfy our standard assumptions of boundedness and Lipschitz continuity. 
Similarly, by choosing (p{t,x) = Co(l +T), (t,x) G [0,r] BSDE with the coefficients 

f and $ bounded by Cq can be regarded as a reflected BSDE with an upper barrier (p, which 
coefficients satisfy our standard assumptions of boundedness and Lipschitz continuity. That 
means, the value function defined by is the unique viscosity solution of HJB equation fil.l]) 
without obstacle. So our studies of the regularity properties of the solutions of HJB equations 
with obstacles include in particular those without obstacles. 

Unlike (|2.5p our objective here is to study the joint Lipschitz continuity of V{t,x) in {t,x). 
This joint Lipschitz property of the solution V of such HJB equations was somewhat expected, 
see, Krylov [10]. However, it doesn't hold on [0,r] x M.'^ as the following example shows. 

Example 2.1 We let the dimension m = d — 1, and we choose the coefficients 6 = 0, a — 
1, / = 0, and $(a;) = |a;|, x £ M."^ . Then 



V{t,0) 



Emx'/)] = E[\Wt - Wt\] = \I^^T~t, t e [o,r]. 



It's obvious that V is not Lipschitz in t and, hence, not jointly Lipschitz in {t,x) for t around 
t — T; however, V is jointly Lipschitz on [0, T — 6] x R, for all S > 0. 

Our objective in this section is to investigate the joint Lipschitz property of the value function 
V. More precisely, we have the following 

Theorem 2.1 Under our standard assumptions Hl)-H3) the value function V{.,.) is jointly 
Lipschitz continuous on [0,T — 5] x , for all 6 > {). 

The proof of this theorem will be split into a sequel of different statements. It formalizes and 
generalizes the method of time change for the underlying Brownian motion introduced into the 
frame of stochastic control problems with classical cost functional in [1]. 

In order to estimate the reflected BSDEs (|2.3I) driven by W , we approximate them by penal- 
ized BSDEs. More precisely, we approximate (|2.3p with its unique solution (y*'^^"^ ^t,x,u^ j^t,x,u-^ 
by the following penalized BSDEs: 

+ s e [i,T], (2.6) 

YU-c,u;n ^ „ > i_ 

For alln > 1, BSDE has a unique solution (y^^''.^;"^ 52„-(t,r)xL2„-(i,T;R™) 
We define 

Vn{t,x) := inf„g^w F/'^'"'", (t,x) € [0,T] x R''. (2.7) 
Proposition 2.1 Under our standard assumptions HI) and H3) we have 

< y^t,^,„;2 < . . . < y^t,:l.,«;n ^ as n ^ +00, s £ [t,T], P-a.s., u £ U^j.; 



ii) E 



sup |r^*'^'";" - V / - ds 



T 

sG[t,T]' ■ Jt 



sup 

se[t,T] 



— > 0, as n — > +00, u £ 



iii) Vi{t,x) <V2{t,x)<---< Vn{t,x) V{t,x), as n +oo, {t,x) £ [0,T] x W^. 

(2.8) 
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For the proof of these classical results, in particular those of i) and ii), the reader is referred 
to Section 6 of [7]. The result iii) can be consulted, for instance, in Theorem 4.2 in j3j or in 
Lemma 4.3 in 

Theorem 12.11 follows from the following theorem combined with Proposition 12.11 iii) . 

Theorem 2.2 Under the assumptions Hl)-H3), for all 5 > Q, is jointly Lipschitz 

continuous in {t,x) £ [0,T — 6] x S.'^, uniformly with respect to n>l, i.e., for all S > 0, there 
exists Cs > such that, for any n>l, {to,xo), {ti,xi) € [0,T — 6] x R'', 

\Vn{to, xo) - Vniti,xi)\ < Cs{\to - ti| + |a;o - (2.9) 

The proof is based on the method of time change and split into several steps. Let us 
arbitrarily fix 5 > 0, {to, xq), (ti, xi) £ [0,T-S]x R"*. Moreover, let = {W°)se[to,T] be a m- 
dimensional Brownian motion with = 0, and let u° £ U^j,. With the notations introduced 
above we put: 

(x",r°,z°,ii:°) ^ (x*»'^»^""(w^O),y*o^^»'""(w^"),z*''^^''^""(M^°),if*'''^''^""(T4^°)), (2.10) 

(the unique solution of SDE (|2.2|) and RBSDE (j2.3p driven by the Brownian motion and 
with initial data {tQ^Xo)), and 

(the unique solution of BSDE (|2.6p driven by the Brownian motion and with {ta,xo,vP) 
instead of (t, x, u)). 

We introduce the linear time change r : [ii,T] — > [to, 2^] by setting 

t(s) =to + |^(s-ti), se[ii,r], (2.12) 
1 —tl 

f d \ T t 

and we remark that r = — t(s) ) = . Consequently, 

\ ds J T — tl 

W'i 4^, se[ii,r], (2.13) 

defines a (m-dimensional) Brownian motion with W^.^ — 0. Then, obviously, the time transformed 
control process ul := s £ [ti,T], is an admissible control process with respect to the 

natural filtration = {T^ ),i,u 

T] generated by the Brownian motion W over the time 
interval [ti,r]: = {u\),^^,^,t] ^K't (= Llv^ih^T-U)) . 

Having a Brownian motion — {W}) s^\^t^^ ^t] over the time interval [ti,T] and an associated 
admissible control £ U^l^ we can solve the corresponding system p.2p - (l2.3|) . but now driven 
by the Brownian motion W^, with {{ti,xi),W^ ,u^) at the place of {{to,xo),W'^ ,vP), and we 
denote its unique solution by 

(X\r\z\i^i) = (X*i'^i^"'(M^i),y*i^^i'"'(VFi),Z*i'^i^"'(T/Fi),K*i'^i^"'(T/Fi)). (2.14) 

Correspondingly, the solution of the penalized BSDE (|2.6p driven by the Brownian motion 
is denoted by 

(■yl,n^ ^ ti ;n (-^1 ) ^ ^ti ,«1 ;n (^1 ^ ("2. 15) 

while the associated solution of the forward equation is again 

Therefore, the above procedure has provided two different forward equations, that for X'^ = 
Xto.ro^u" (y^o^ and = X*i'^i^"'(M^i), i.e., 

d^o = a(s,XO,w°)dVFO + bis,Xlu'l)ds, s £ [io,T], = xq, (2.16) 



dXl = a{s,Xlul)dW^ + b{s,Xl,ul)ds, s € [h,T], = x,, (2.17) 
which we associate with the respective RBSDEs 

dY^ = -f{s, Xl Yl\ Zl ul)ds + Z^dW': ~ dKl 

= (2.18) 
no > ^{s, X,"), (ro - ^{s, XO))difO = 0, s G [to, T], 

and 

dY^ = XlX.Zlu\)ds + ZldWl - dK], 

Y^ = <i>(Xi), (2.19) 

Y} > cp{s, Xl), (r/ - ipis, Xl))dKl =0, ,s G [ii, T]. 

On the other hand, RBSDE (|2.18p with its unique sohition (Y^ , A'") is approximated by the 
following penahzed BSDEs: 



\k^'" = $(XO), sG[to,T], n>l. 

And RBSDE ()2.19p with its unique solution {Y^,Z^,K^) is approximated by the following 
penalized equations 

1 dr/'" = -[f{s, XlX^-, Zi'", z^i) + n (n^-" - ^(s, Xl))-]ds + Zl'-dWl 

In order to be able to compare the both SDEs (|2.16p and (|2.17p which are defined over 
difl^erent time intervals and driven by different Brownian motions, we have to make the inverse 
time change r'^ : [to,T] [ti,T], r-i(s) =ti + '^E^{s-to), s G [to,T], in equation (PT7|) in 
order to have two SDEs driven by the same Brownian motion = (W^s )se[to,T]- For this we 
define 

Xl := Y^'l\^^, Zl'- ;^^^'"(,), « G [to,T]. (2.22) 



By observing that 



= 4^W^r, and = s G [io,T], (2.23) 



we deduce from (|2.17p that — (X^)sg[to,T] is the unique continuous -adapted solution 
of the SDE 

dXl = 4^a(r-i(s),X],uO)dM/° + -6(r-i(s), X^, M°)ds, s G [fo,T], X^ = xi, (2.24) 

V T 

and from (P?^ we get that (?!■", Z^-") = (?/-", Zi'")se[to,T] is the unique solution of the 
penalized BSDE 



" T 



ds 



f{T-\s),XlYy\ViZl^\u"j+n{Y}''-^{r~\s),Xl)y 
Zl'"dW°, sG [to,T], (2-25) 
[ y^'" = $(^1 ), n > 1. 

We will prove the following crucial result: 
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Proposition 2.2 There is some C5 G K only depending on S, and on the bounds and the 
Lipschitz constants of the coefficients such that, for all n>l, s G [to,r], P-a.s., 

|r;"'-n°'"l<C^5(|io-ti|+ sup \X^-X',\). (2.26) 

relto,s] 

In particular, 

\Y,\'" - = \Y,l'- - Y,y\ < Cs{\to - ill + |xo - xil). (2.27) 

ii) //, in addition, (p{t, x) — (p E R, {t, x) G [0, T] x M'', then for all p > 1 there is some constant 
Cs^p such that, for all n > 1, s G [tQ,T], P-a.s., 



E\ 



Let us begin by showing that Proposition 12.21 allows to prove Theorem 12.2 
Proof (of Theorem 12. 2p . Let n> 1, and recall that 



Z;'^"|^dr) \Tr"]<Cs,p\\to-t,{'+ sup \X^-X',\^ 



(2.28) 



Vnito,xo) := inf^og^„,o^r/;'"°^""'" = inf ^og^„.o^y,"„ 



Thus, choosing e > arbitrarily small we can find some control w*^ G i^t^x (depending on e > 
and on n > 1) such that 



< Vn{to,xo) + e. 



On the other hand, 



Yl'"^Y,'r>V^{t,,x,). 



Hence, from Proposition 12.21 we get 



^(^1,2:1) - V„{to,xo) <Y,Y - + 6 < \Y,Y - + ^ 
< Cs{\t„ - ill + \Xl - Xl\) + e = Cs{\to - ill + 1x0 - xil) + , 



(2.29) 



Then, the arbitrariness of e > yields T4(ii,a^i) — Ki(io,2;o) < Cs{\ta — ii| + |a;o — 2^1 1), and 
from the symmetry of the argument we obtain 

|K(ii, xi) - K(io,2;o)| < C^dii - io| + |a;i - xq\). 

Finally, by recalling that the constant Cs from Proposition l2.2l is independent of (io, xq), (ii, xi), 
and 71 > 1, we complete the proof. □ 
The proof of Proposition 12.21 is split into a sequel of lemmas. The first one concerns the 
comparison of the SDEs ([2TT6)) and ((2?24l) . i.e.. 



= a{s,Xlul)dW^^+h{s,Xlul)ds, s G [io,T], X^ = xq, 



and, 



dX] = ^air-\s),Xlu'JdW° + ^bir-\s),Xl,u°Jds, s G [io,T], X^ = x^. 

To estimate the difference of solutions of these both SDEs, the following lemma turns out to be 
useful. It can be got by a straight-forward computation (see also [1]). 



Lemma 2.1 For the above introduced time change r : [ii,r] — t- [to,T] we have 



\r-'{s)-s\ + 







1 




+ 




T 




7t-' 



< Cs\to-ti\, sG [io,T], 



(2.30) 



where the constant Cs only depends on T and 6 > 0, but not on io, ii G [0, T — S\. 
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The above lemma combined with SDE standard estimates aUows to get the following result. 

Lemma 2.2 There is some Cg.p G only depending on the hounds of cr, h, their Lipschitz 
constants, and on S, p>l, such that, for all s € [to,T], 



E[ sup - X^\P\Tf'] < Cs.p{\to + - Xln, P-a.s. 

re[s,T] 

In particular, for s — to, 

E[ sup \X°r-XlY']<Cs.p{\to-ti\P + \xo-xi\P). 

r<^[to,T] 

Proof. Taking the difference between the SDEs (|2.16p and (|2.24p we obtain 
d{X°,-Xl) = (a{s,Xlul) ~ ±^a{T-\s),Xlul)\ 



b{s, Xl ul) - ^h{T-\s), Xlul) ]ds,se [io, T], 



Xl-Xl=xo-Xi. 



(2.31) 



(2.32) 



(2.33) 



Thus, taking into account that b and a are bounded, SDE standard estimates yield that, for all 
p > 1 there is some constant Cp only depending on the bounds and the Lipschitz coefficients of 
cr and 6 as well as of T and p, such that 



E[ sup |Xi-X°nj-f"]<Cp. 

s<r<T 



1 

- - 1 
f 



1 



- 1 



\T-\r)-r\Pdr+\Xl-X'JPj, 

(2.34) 



to < s < T, p > 1. Finally, by applying the preceding lemma we complete the proof. 

We will also need the following lemma. 
Lemma 2.3 i) There exists some constant C only depending on the bounds off, <i> andtp, such that 

|r;'"|<C, s€[ti,T], n>l, i = 0,l, P-a.s. (2.35) 

ii) For all p > 1 there is some constant Cp only depending on the bounds of the coefficients 
/, $ and if, and on p, such that s € n>l, i = 0, 1, 



E 



2p 



Zl^^\ <i^\ +\n (^r'" - ^{r,Xl))-dr 



w 



< Cp, P-a.s. 



(2.36) 



Proof. Assertion i) follows directly from Proposition 2.1-i), and the comparison theorem for 
reflected BSDEs (Lemma l4.4l in Section 4) and the boundedness of the coefficients /, $, and (p. 

ii) From the penalized BSDEs ()2.20p and (|2.2ip . i) and the boundedness of the coefficients 
/ and <i> we have, for some constant Cp, 

n (y;'" - ip[r,Xi:))-dr <Cp + Zl^'^dWi., s £ [t,,T], n>l. 



Hence, 



E[{n f[Yr - v{r,Xl))-drfP\FT] <Cp + CpE[{ f Izrpdr)^! J-f ], s G [t,,T]. (2.37) 

J S J S 
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On the other hand, from Ito's formula: 

rT 



+ 2n f - ^{r, Xl))'dr -2 [ Y^^'^Zl.^'^dW^, s G [U, T], n>l. 



(2.38) 



From p.38p together with i), 

E[{ r \Zp-\^drfP\^r] <Cp + CpE[{n C {Y^ - ^(r, X;))-dr)2f | J-f ] 



C,E[{ f |Z;-"|2dr)f s e [t„T], n > 1. 

J S 



(2.39) 



The result ii) for p = 1 (see page 719-720 in Section 6 in [Tj) combined with and ([133 

yields the general result ii). □ 
For the proof of Proposition 12.21 we have to compare the BSDEs (|2.20p and (|2.25l) . i.e., 



dY^'- = -[/(s, Xl yo-", , u°) + n - ^(s, X,")) Id, + ZO-"dl^o, 



(2.40) 



and 

T 



/(r-i(s), Xi, n^^", VTzi-, «°) + n(r/'" - v{t-\s), XDY 



ds 



+ Zl'^dW^,, se [to,T], (2-41) 

y^'" = $(x^). 

But, the different structure of the penalization terms and different obstacles don't allow a 
direct estimate to get Proposition 12. 2( so intermediate steps are necessary. 
Let us first compare BSDE ^(2A\) with the following BSDE ([2:421) : 

dY^- ^ - [/(s, Xl Y} - ~ ^, Z]'", u°) + «(?/■" - (^(s, X°) - ^)- 

+ Cs\to ~ h\{l + |Zi-"|) + + Z]^"diy°, s e [io,T], (2.42) 

r^'"-a>(xO) + ^T, 

where , C > 1 are constants which are large enough (their precise choice becomes clear from 
the proof of the lemma below), and 

A, := Cs sup (|to - ill + \Xl - X,"|), .s G [t^,T]. (2.43) 

r£[tQ,s] 

Note that A — {As)se[t„.T\ is an F^^-adapted, continuous increasing process, At^ ~ Cs{\t{) — 
ti\ + |a;o — a^il), and from Lemma 1^?^ we see that: for all g > 1, 



nA'!r-A'i\FY'']<Cs.,-{\to^h\'^ + \Xl-Xy)., s^[t,,T]. (2.44) 



Lemma 2.4 Under our standard assumptions Hl)-H3) we have 

yi.n ^ Y}''\ s G [to,r], n>l, P-a.s. (2.45) 
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Proof. The proof is based on the comparison theorem for BSDEs (Lemma 14.21 in Section 4). 
For this we note that, since ip is bounded and Lipschitz, 

\\^^(T-\,),Xl) - < C7(|l - i| + \t-\s) - .| + \Xl Xl\) 

<C5(|ii-to| + |Xi-XO|), se [io,T], 

(recall Lemma [2.ip . Thus, recalling that y^'" s bounded, uniformly w.r.t. n > 1, we get from 
Lemma 12.11 that 



Y} - - ^is,X^) < i(y/'" - ^iT-Hs),Xl)) + Csilh to\ + \xl X^\) 
< i(y/^"-^(r-i(s),Xi))+^, se[to,T]. 



(2.47) 



Then, from (PTfl) . 



(^(r/-"-^(r-i(s),Xi)))- < (r/'"-^(s,X°)-A.)-, se[to,T]. (2.48) 
Moreover, from 

T 

< C(|i - 1| + \r-\s) -s\ + \l- Vi\\Zl^-\) + C\Xl - ^2 

<C75|io-<i|(l + |^i'"|) + q^i-^ri 
<C5|io-ii|(l + |^i'"|)+^, se [to,T], 

we have 

i/(r-i(s),x;,r/^",Vfzi-,^2) 

< f{s,X^,t''-,Z'/\u"j + Cs\to -h\{l + \Zl'-\) + As (2-50) 

< /(s,X,",y/'" - As, Zl-",u°s) + Cslto - ii|(l + \Zl-"\) + CAs, s e [to,T]. 
We also observe that, thanks to the Lipschitz property of $, 

$(^t) < *(^t) + ^T, P-a.s. (2.51) 



The relations ([2^ . (|2?50| and (f23T|) allow to apply the comparison theorem (Lemma 14.2 
in Section 4) to the both BSDEs, and thus to conclude that 



The statement of the above lemma can be strengthened as follows: 
Lemma 2.5 Under the standard assumptions Hl)-H3) the following holds true: 

i) -C < y/'" < <Cs + CsAs, s e [to,T], n > 1, P-a.s.- 

ii) E[ I |Z,i''f dr|J-f °] < Csil + Al), s e [to,T], n > 1, P-a.s. 

^ S 



(2.52) 



Proof, i) Firstly, from Lemma l2.3l we know that jl'/'"! < C, s e [toj^], n > 1, P-a.s. Secondly, 
thanks to the boundcdness of / and ip, for some constant C large enough, we have 

f{s,Xl y/^" - As, Zl'^, u's) + «(?/■" - iv{s,Xf) + As))- + Cs\to - <i|(l + |^i'"|) + CAs 
<C' + n(r/'" - (C' + C'^))- + Csil + \Zl'^\) + C'As, 

(2.53) 
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and +At< + C'At- Hence, we can compare (pii^ with the BSDE (^31)) : 

rfF,''" = - (C' + n(F^'" - (C + C'As))- + Cs{l + \ZY'\) + c'As)ds + zY'dW^, 

From the comparison theorem for BSDEs (Lemma 14.21 in Section 4) we get that 

yhn < yl."^ g g j.]^ ^ > p_^ g^ (2.55) 
2.n l.n / 

On the other hand, putting Y^' := Y^' — C As, s e [toiT], we get 

dYT =-{C' + n(F''" - C')~ + Cs{l + \ZY\) + C' As)ds - c'dA, + 
„ (2.56) 

yT=Hx^t). [to,r]. 

By observing that, 

(Ff -C')(Ff -C')-<0, (2.57) 
thanks to Ito's formula and the boundedness of $, for arbitrary 7 > 0, 

e7s|F''" - C' p + E[ r e^'-(7|F''" - C'^ + |Z/"ndr| J-f °] 



< Cs^, + E[J\-'^Cs\yT -C'\' + "] (2.58) 

+ C.,i;[A2,|J-f'']+2£;[^ e^''(F''"-C')C'dA|^r°], se[to,r], n>l. 



Hence, for 7 > + 1 large enough, 



\yt-c'\^+e[[ \ziydr\Tr] 

J s 



< Csn + C5,^Al + C^E[ sup |y; - C \At\:fY ], s e [io,T], n > l, 

re[s,T] 



(2.59) 



where only depends on the coefficients in Hl)-H3) and on (5, 7 > 0. Let f < p < 2 and q> 2 
be such that | + i = f , and let us choose e > be such that C^e(:j^)p < f. Then, 



where 



E[ sup^^|r'^"-C'|^T|^f°] 

<(i?['sup \yT -C-nFY'Y^iElA^FY"])^ 

re[s,T] (2.60) 

<eM|, + i(i?[A|.|jf"'])f 

< eMl^ + -Cs^qAl, to<t<s<T, n>l (see: (PTiH]) and ([1311)), 



Ms,t sup 



From Doob's martingale inequality, since ^ > Ij 

E[ sup A/ilJ-f] < i^)iE[Ml^\^r''] 



se[t,T] /2 6f ^ 



< (2^)^i?[ sup |yr -c'plJ-n, i e [io,r] 



se[t,T] 
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Hence, from ([239| . ([SJO]) and (f23T|l . 



i?[ sup - C'\^\F^"] < Cs.^ + Cs.eAl 

se[t,T] 



+c,s{^V^E[ sup |rr-c?l-^r ], [to,r], 



(2.62) 



e[t,T] 
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and since C^e^oi")" < 1; get 



£:[ sup - C'n-Frl < Ckl + ^?), i e [^o,r], n > 1, P-a.s. (2.63) 

se[t,T] 

Then we get that (F^^" - C')^ < C^(l + Al), i.e., 

|Ff |<Q(i + A.), se[to,r]. (2.64) 

Consequently, 

yi.n < < = F''" + C'A, < Cs{l + ^), s e [to,r], n > 1, p-a.s. 
ii) Let Co be a bound of Lp. Then, from the BSDE (|2.42p . we have 

d(y/'"-(Co + ^))2 = 

- 2(^1'" - (Co + As)){f{s, Xl - A„ Z] -, ul) + n{Y}'- ~ {^{s, X«) + A,))- 

^ ^ (2.65) 

+ Cilto - ti|(l + 1^1'" I) + CAsjds + l^i-'f 

+ 2(^1^" - (Co + ^))Zi-"dTyO - 2(f/-" - (Co + A,))dAs, s e [io,T]. 

Furthermore, from the above resuh i), (Y.^''' -{Cq+At))^ < C{l+A^), (y/'"-(Co+v4s))(?/'"- 
i^is,X^) + A,))~ < 0, and \Y}'^ - (Co + A,)\ < Csil + A,), s e [to,T], n > 1, we get by 
standard estimates 

E[ f |Zi''f dr|J-f "] <Cs + C5^[A||J-f °] < Ci + C5(l + Al), s e [io,T], n > 1. (2.66) 

s 

The proof of the lemma is complete. □ 
Let us put now 

Y2,n _ Y^^n ^As, se [to,Tl n>l. (2.67) 
Then, from BSDE (|2:42)) with solution (?!-", Z^-") we get 

dY^'- ^ (/(s,X0,y,2.« Ji.n^^O) _^^(y^2,„ _ ^(,,xO))- 

+ C^lio - ti|(l + I^M) + CAs)ds + Zl'"dW° - dA,, s e [to,T], (2.68) 

BSDE (|2.68p has the advantage that its penalization term is exactly of the same form as that 
in BSDE (|2.40p . This fact together with the both latter lemmas allow to prove 

Lemma 2.6 Let us assume Hl)-H3). Then, there is some constant Cs such that 

E[ sup - y,2,«|2 ^ / |^o,n _ z^''fdr\T^°] < CsAl (2.69) 

re[s,T] Js 

and, in particular, |y^0'" - yj^'"| < CsA^, s G [to,T], n > 1, P-a.s. 
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Proof. We have to compare BSDE ([2^8]) with BSDE ^^AO^i . i.e., with the equation 

1 dn"^" = -(/(,s, xl Z^^\ + n - ^{s, x^)y)ds + Z^.'-dW^, s e [to, T], 



The proof uses ideas similar to that of (|2.63p . However, in view of the importance of the resuh 
we prefer to give the proof for the reader's convenience. Taking into account that 

(y^o,n _ i;2.n)((y^o,„ _ ^^s,xf})- - {Y^^^ - ^{s,x"^))-) < 0, (2.70) 
we get from standard BSDE estimates that, for arbitrary 7 > 0, 

<E[ eT"-(C5|i;°'" - i;2,«|2 _^ |^o,n _ zy'\^)dr\T^° ] 
+ Cs,^\to - hfE[ + |Zi''f )dr| J-f" ] + Cs.,^E[AI\fY''] 
+ 2E[ J e^''(y,°'" - r,2'")dA,|J-f ], s e [to,r], n>l. 
Hence, for 7 > + 1 large enough. 



(2.71) 



< Cs,jAl + ds,^E[ sup \Y°'^ - s e [to,r], n > 1, 

r6[s,T] 



(2.72) 

where Cs^^y only depends on the coefficients in Hl)-H3) and on 6, 7 > 0. Let 1 < p < 2 and 
g > 2 be such that ^ + i = 1, and let us choose e > be such that Cs.'ye{-^^)p < 1. Then, 

E[ sup |y,o^"-y,2,„|^^|_^H"'] 

re[s,T] 

<(i?[ sup |y,"'"-i;2^"|^'|j-f''])i(ii;[A|,|j-f"])l 

re[s,T] (2.73) 
<eM|, + i(i?[A«,|jr''])t 

< eMj;^ + iC5,,A2, to<t<s<T, n > 1 (see: dUS]) and dm), 



where 



Ms.t sup \Y°-'" - i;2'"|P|J-f" ]. 

re[t,T] 



From Doob's martingale inequality, since ^ > 1, 



E[ sup AfJ:,|J-r"] < {^^)lE[Ml,\Tr°] 

sG[t,T] 

< (5^)ii?[ sup |yo-" - n^-f i e [to,T]. 

selt,T] 



(2.74) 



Hence, from (|2J2l) . (f2J3l) and ([2J4l) . 



£;[ sup mo.^-n^.npij-w"] <c^^^^2 

s6[t,T] 

+55,^£(2^)'i?[ sup \Y^^'--Y,^^-\^\Tr\ t^[to,T] 

s€[t,T] 
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(2.75) 



and since Cs^^s{:^^)p < 1, we get 



E[ sup - ] < Cs,eAl t e [to^T], n>l, P-a.s. (2.76) 

se[t,T] 



Consequently, from (I2.72p . 



EiJ^ |Z0-" - Z,i''f dr|J-f °] < Cs,,Al t G [to,T]. (2.77) 

□ 

We now can prove Proposition [521 
Proof (of Proposition [272]) . 

1) We begin with proving Assertion i). For this we note that, for all s E [to, T], n > 1, 



(2.78) 



r/'" - r,"'" < y^i^" - (Lemma [Ml 

^ As + (i;2." _ rO,«) (Definition of F^,") 

< As + CsAs (Lemma [Ml 

<Cs{\tQ-ti\+ sup |XO-Xi|) (Definition of A). 

rG[to,s] 

The same argument, slightly adapted, allows to show 

y^O.n _ yhn < ^^(1^^ „ _^ _ ^ ^ g [^^^ y]^ „ > ^ (2.79) 

'■e[to,s] 

Thus, it only remains to prove the estimate ii) for Z^^" — when 

(p{t,x) ^ ip eU, (t,a;) e [o,r] X R'^. 
2) For this we observe that from Ito's formula applied to (1^/'" — Y^'"')'^ it follows 

= i?[|ci>(Xl)^-<i>(XO)pVr] 

+2E[jJ{Y,^^" - l;0.")(i/(r-l(r),Xl,l;l^^^/fZl.^^iO) 

+2f i?[/J(i;i- - i;0'")((y,i'" - - (y^o^- - ^)-)dr\T^°] (< o) 

< CsAj. (Lemma [ 

+CsE[jJ Ar{\t„ - til + i^i - + - + - 

+ |to - ti||ZO^"|)dr|J"]^°] (Lemma[lT]and i) of Proposition[ 

+Cs\to - ti|(i?[A||J-f °])^(£;[(n/J(y,0-" - ^)-dr)2|J-f °])l (Proposition [Oi))- 

Thus, again from Proposition 12. 21 -i) and Lemma 12. 2[ 

< C^A^ + ^EiJ^ - J-f "] + Cs\to - tMsiEij^ \Z^^"\'dr\J^^°])^ (2.80) 

+ Cs\to-h\As{E[{nj\Y,°'^-p)-dr)^\J^f°])^, s e [to,T], n>l. 
Note that, due to Lemma [2.31 we have 

E[ f \Z"^^-\^dr + {n f{Y^^- - v)-drf\TY"] < C, s e [to,T]. 

J s J s 

17 



Consequently, P-a.s., for all n > 1, s € [io,'?'], 

E[ f \Zl'^ - Z0'"|2dr| J-f "] < CsAl < Cs{\to - + sup - X^). (2.81) 

Js relto,s] 



On the other hand, recalling that ip is constant, from Ito's formula. Lemma I2.2l and Proposition 
2.21 -i) we deduce 



T 

+ 2- J (r/'" -(!;"■" -^)-)dr (<o) 

< C^l + ArUr + \to - ti||Z?'"| + 1^°'" - Zi-"|)dr 

T /"^ ~ ~ 

O.n — o / fx^l.n "v^O.n \ /' '7l,n '70,n\jTj/0 



+ Cs\to - hlArin / (i^'" - (^)-rfr) - 2 / (F^'" - - 

J s J s 



Therefore, we have 



■ 4 / (r/'" - - s e [to,T], n > l, 



and, consequently, for p > 1, 



We recall that, due to Lemma 



E[{ r|Z°-"|2drf^'|^f"]<C,; 
E[{n fiY^^^ - ^)-dr)4f l^f ] < Cp, 5 € [to,T], n > 1, P-a.s. 

J S 



(2.82) 



(2.83) 



£;[( j \Zl''' - ZO-'f dr)2p|J-f °] < CpCsA^P 

J S 

+ Cplio - hl'^iEK f |Z0-"|2dr)2p| J-f "] + E[{n [Y^^^^^ - ^)-(ir)4p| J-f "]) (2.84) 

+ CpS[( / ly/'" - - z0'"|2dr)p| j-f "]. 

•/ s 
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Thus, due to Proposition [2l^i), |F/^" - F^0'"|2 < CsA"^ < CgA"^, P-a.s. Hence, we get 

/•T _ 

E[{ / ly/'" - Y°'"\^\Zl^" - Z^'"\^dr)P\Tf'] 

< CsE[AlP{ / - Z,"''f dr)P|J-f °] 

^ ^ (2.85) 



< CsAlP{E[{£ - Z,"'"|2dr)tP|J-J 



Hence, from (|2?84l) and (|2?85|) it follows that 



(2.86) 

from where we get the announced result for p > i, which means 

E[{ / - Z°'"|2dr)P|-Ff ] < Cs.,pAf, P-a.s., s e [to,T], n > 1, p > 1. (2.87) 



3 The semiconcavity of the value function 

In this section we consider V as value function of a stochastic control problem which cost 
functional is defined by a BSDE reflected at an upper barrier. Indeed, if it is reflected at a lower 
barrier, V can, in general, not be semiconcave, let us illustrate this by an easy example. 

Example 3.1 We consider the controlled system i2. 2]) endowed with RBSDE 112. 3\) reflected at 
a lower barrier (p. T > 1. We let the dimension m — d = I and consider the case of no control 
(U is a singleton) and with the coefficients 6 = 0, tT = 0, / = — 1, ip = 0, and $ = 1. 
Then, obviously, X*'^ = x, s £ [t,T], and the solution of RBSDE 112. 3\) is given by: 

Y^'^ ^{l-iT~s))+, Z*- = 0, Kl^-^{l-iT-t))- -{1-iT-s))-, s e [t,T]. 

Consequently, 

V(t, x) = = (1 - (T - <))+ , (i, x) G [0, T] X M. 

However, although the coefficients satisfy our assumptions, it can be easily seen that the function 
V is not semiconcave on [0, T ~ S] x M, for all < 6 < 1 < T . 

For this reason, for {t,x) e [0,T] x R'', W — {Ws)se[t.T] m-dimensional Brownian motion with 
Wt = 0, and u G we associate SDE (12.21) with the RBSDE reflected at an upper barrier ip: 

' di;*'^'" - /(s, X,''^'", y,''^'", Z*'^'", u,)ds + Zl'''''^dWs + dX*'^'", 
< K^'"'" =$(X^"'"), (3.1) 

<(^(s,x*^^^"), (y,*'^'"-v3(s,x*^^'"))dif*'^^" = o, se[i,T]. 

Under the assumptions HI) and H3') it has a unique solution 

^Yt,x,u^^t.x.u^^t.x.u^ e Sl,v{t,T) X L2„,(t, r;IR™) x Al,v{t,T). 
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In order to emphasize the dependence on VF, we also write 
We define 



V{t, x) = inf r/'^'", {t, x) e [0, T] X (3.2) 



and we recah that V € C6([0,T] x R*^) is the unique (uniqueness in Cp([0,T] x R'^)) viscosity 
solution of the HJB equation with an upper obstacle 

max|T/(t,a;) - ^{t,x),-^V{t,x) - \niueuH{t,x,V{t,x),VV{t,x),D'^V{t,x),u)^ = 0, 

V{T, x) = $(a;), {t, x) £ [0, T) x R'^. 

(3.3) 

The main result of this section is the following one. 

Theorem 3.1 We assume that the conditions HI), H2), H3'), H4) and H5) are satisfied, as 
well as H6) or H7). Then, for all S > 0, there is some Cs > such that, for all (to, xq), (ti, xi) S 
[0, T-S]x R'^, and for all A G [0, 1] ; 

XV{ti,xi) + (1 - X)V{to, xo) < V{X{ti,xi) + (1 - X){to, xo)) + CsX{l - X){\to - + \xo - xif). 

(3.4) 



As in Section 2, the proof will be based on the approximation of the reflected BSDE (|3.ip by 
penalized BSDEs: 

J ^y^t,:.,u;n ^ _ [/(s, X*^^^", Z*'^'"'", U,) - n(y,*'^'"'" - ^(s, X*'^'")) + ]ds + , 

\ y^.^."-" =$(x^^'"), s e [t,T], n>l. 

(3.5) 

For every n > 1, BSDE p.Sp admits a unique solution (yt,2;,ti;n 2'*.^'";")^ and we define 

Vn{t, x) := inf (i, x) G [0, T] x . (3.6) 

In analogy to Proposition 12.11 we have 

Proposition 3.1 Under the assumptions HI) and H3') the following assertions hold true: 

i) y^*^^^";" I y^*.^^", asn^oo, P-a.s., s G [t,T], u G Z^^^; 

ii) E[ sup |y^*'^.";" - y^«,=>^,«|2 + J^^ |2t,x,«;n _ 2t,x,«|2^g 

se[t,T] 

+ sup - n/J(y;*^^'"'" - v3(r,X;'^'"))+dr|2] -> 0, asn^oo, u € U^j,; 

se[t,T] 

iii) K(i,a;) i V^(i,a;), as n oo, (t, a;) G [0, T] x R'^. 

Theorem 13.11 is an immediate consequence of the following theorem combined with assertion iii) 
of Proposition 13. II 

Theorem 3.2 Under the assumptions of Theorem \S.l[ for all 5 > Q, there is some Cs G R such 
that, for all n > 1, for all (tg, Xq), {ti,Xi) G [0,T — S] x M'' and for all X G (0, 1), 

XVn{tl,Xi) + {l~X)Vn{to,Xo) < Vn{X{ti,Xi) + {l-X){ta,Xo))+C5X{l-X){\to~ti\'' + \xo-Xi\''). 

(3.7) 

As in Section 2, our proof is based on the method of time change. 
Let 6 > 0, {ti,Xi) G [0,T - S] X R'^, i = 0, 1, and A G (0,1), and let us put {tx,xx) 
X{ti,xi) + (1 - X){tQ,xo). Moreover, let = iVV^)s&lt^. 

7^] be a m-dimensional Brownian 
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motion with W^^ = 0, and u'^ € ^tf t admissible control associated with W''^. 

Using the notations introduced in the preceding section, we put 

{Y^,Z^,K^) := (Y^^''^^'^\w^), Z*'^'''^'''\W^), K*^''=^'''\W^)); 

We use the method of time change again. But since we have to compare the stochastic 
control system with initial data (t\,x\) with those of initial data {to,xo) and {ti,xi), we have 
to define a separate time change, for each i = 0, 1: 

n:[U,T]^[tx,T], T,{s)=tx + ^{s-t,), se[t,,T]. (3.8) 



m- 



We observe that Ti{= ^t,(s)) = i = 0, 1, and so -^W^^^^^^^, s G [ti,T], is a 

dimensional Brownian motion with Wl. — 0; and -u* := ""t («)' ^ [^27^]: defines an admissible 
control belonging to U^j,, i — 0, 1. 

For i = 0, 1, we consider the solution X' := of SDE governed by the 

Brownian motion and the control u\ as well as the solution {Y\ Z^ , K^) = (Y*"^"'^' (W^), 
ZU,x,y {y^t--^^ Xt,,^,,«'(^*)) of the associated reflected BSDE (03]), and the solution (F*-", Z^'") 
= (r*-^-"''"(W^*), of the associated penalized BSDE (|531) . 

We have to work with the triples (X^, F^'", Z^-"), (X^ F*'", Z*'"), i = 0,1, n > 1. 
However, in order to make them comparable, we need equations driven by the same Brownian 
motion. For this end we consider the inverse time changes: 

: [iA,r] ^ [i„r], r-i(s) =t, + ^^(.s-iA), s€ [tA,T], i-O, 1, (3.9) 

1 —t\ 

and we introduce the time changed processes 

^::=^:-i(,), zr^^^z^.^^y ^^[tx.n * = o, i. (3.10) 

By observing that 



we see that 



= ^w^, = s e [tA,T], * = 0, 1, (3.11) 



(3.12) 



dXl^ -b{Tr\s),Xlu^^)ds + -^a{Tr\s),Xlu^)dW^, se[tA,r]; 



and 

d?;^" = -(-/(rri(s),x:,f;'", V^Z:'",w^) ~ -iXr - ^ir^\s),Xl))+)ds + Z^dW^ 



r^^" = $(x^), se [tA,r], i = o, i. 

(3.13) 

With the same, only slightly adapted arguments as those for Lemma 12.21 and Proposition [ 
we can show the following statement. 
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Lemma 3.1 Let us suppose the assumptions HI), H2) and H3'). Then, 

i) For all p > 1 there is some constant Cgp such that, for all t € [tx,T], n>l, P-a.s., 

(1) E[ sup |xo - xl\p\Ff''] < CsA\to - iil^ + - x^n; 

se[t,T] 

(2) \Y^^- - < C,,,{\t, - ill + sup - Xl\); 

ii) //, moreover, (f{t, x) = (p E M., {t, x) £ [0, T] x M."^, then, for all p > 1 there is some constant 
Cg^p such that, for all t G [tx,T], n>l, P-a.s., 

E[( r \Z"^^- - Z'^'-fdr] \:Fr']<Cs^p(\to-t,f+ sup 

We also shall introduce the process X, := XX} + (1 - X)X°, Yp := A?/-" + (1 - A)y°'", and 
:= XZl'" + (1 - A)ZO'", s G [tx, T]. Reeah the definition of the processes X^, (F^'", Z^^"), 

and 

Af.^ SUV {\to-ti\ + \Xl-X°\), t£[tx,T], (3.14) 

and introduce the continuous increasing process 

Bt:= sup \X,-X^\, te[tx,T], (3.15) 

se[tx,t] 

we have 

Proposition 3.2 Under the assumption of Theorem \3.1\ there is some C5 G R only depending 
on 6 > and on the bounds and the Lipschitz constants of a, h, f, $, Lp, (t,x)'^ o,^d ^(t.x)^, 
such that 

Before proving Proposition 13.21 let us show that Theorem 13.21 holds true. 
Proof (of Theorem [3721). 

We recall that S > 0, and {tQ,xo), {ti,xi) G [0,T — S] x are arbitrarily chosen, and 
{t\,x\) — X{ti,xi) + (1 — A)(to,xo). For an arbitrary A G (0,1), n ^ 1, we choose £ > 
small enough and we let G i^t^x t>e such that 

K(<A, Xa) = inf Yl^,^.,u;n ^ yt^,,.,,u^n _ ^ ^ yX,n _ ^ ^g^^g) 

As Vn{ti,Xi) ^ y/.'" = F/^", i — 0, 1, we have from Proposition 13.21 (note that: Bt^ — 0, and 
^tA = 1*0 - ti\ + \xo - Xi\), 

XVr^ituXi) + (1 - X)Vn{to,xo) A?/;" + (1 - A)?,"'" = r» 
^ r,^'" + CsX{l - A)(|to -h\' + \xo - 2:1 n (3.17) 
Vn{tx,xx) +e + CsXil - A)(|<o - tiP + ko - 

Finally, from the arbitrariness of e > 0, 

XVniti,Xi) + (1 - X)Vnito,Xo) - Vnitx,Xx) ^ C5A(1 - X){\to - ti\^ + \xo ~ x^f). (3.18) 

Note that C5 does neither depend on A, (to,a^o) and (ii,xi), nor on n ^ 1. □ 
The proof of Proposition 13.21 is split into a sequel of lemmas. The following lemma will be 
crucial for our computations. 

Lemma 3.2 For all p 1 there is some Cp^s G R only depending on 5,p and on the bounds 
and the Lipschitz constants of a and b, such that, t G [tx,T], P-a.s., 

E[ sup \Xs-X^\P\T^"]^Cp\Xt-X^\P + Cp.siXil-X)n\to-t,\^ + \Xl-X°\y. (3.19) 

se[t,T] 
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Proof. For s E [tx ,T], we have to estimate the equation 

diXs-X^) = (h{T^'{s),Xlu^) + ^b{T,'{s),Xlu^)~bis,X^,u^))ds 

\Tl To / 

+ (^<j{r^\s),Xlu^) + ^a{r^\s),Xlu^) -<j{s,X^,u^))dW,\ 

Xt, - K - + (1 - >^)K - K - 0. 

(3.20) 

For this let us begin with 

1) Estimating \{^a{T^\s),Xlu^) + '^a{T,'{s),Xlu^)) - ais,X^,u^)\. 
From a straight-forward computation we get 



and 



A|l - ;^A(1 - X)\to - til; (1 - A)|l - ;^A(1 - X)\to - h\; 

|A(1 - ^) + (1 - A)(l - ^)| < 1a(1 - A)|ii - t^\\ 



We also observe that ^(s) — Tq ^(s)| < |<i — to|, s e [t\,T]. 
Consequently, 

|A(1 - ^)a{TrHs),Xl,u^) + (1 - A)(l ^^^)a{r,-\s),Xlu^)\ 
^ A|l - -^\\a{r-\s),Xlu^^) -jT{r-\s), X^ ,u^)\ + C|A(1 - + (1 - A)(1 - ^) | 
^ Cs\il-mo-h\^ + \X^~Xl\^), se[tx,T]. 

(3.21) 

Also remark that, thanks to assumption H5) the functions (t(-,-,u), (— (t)(-, •, u), 6(-, •,?/), 
(— 6)(-, •,?/) are semiconcave, uniformly with respect to u G C/. Thus, from the latter estimate 



\^a{Tr'{s)_,Xl,u^) + ^a{T,-\s),Xlu^)~ais,X^,u^)\ 
\Xa{rr\s),Xl,u^) + (1 -^X)<j{t^-^{s),XIu^) - ais,X^,u^)\ 
+CsX{l-Xm-to\' + \Xl-X^J^) 



\Xa{T,-\.s),Xlu^) + (1 - X)a{T,-\.s),Xlu^) - a{XT^\.s) + (1 - X)t,\s),X,,u^)\ 
+ \a{XT^\s) + (1 - X)T^\_s),Xs,u^)~a{s,X^,u^)\ 

+csx{i - A)(iti - top - 

^ CsXil-X){\h-to\^ + \Xl-X^\^) 

+Ci\XT^\s) + (1 - A)ro-i(s) - .s| + \Xs - X^\), s e [tx,T]. 



However, Ar^ ^(s) + (1 - X)tq ^(s) - s = 0, s e [<a, so that 



(3.22) 



\^a{r,-\s),Xl,u^) + ^a{T^\s),Xlu^) - a{s,X^,u^)\ 
^ CsX{l - A)(|ii - top + - X,"|2) + C\Xs - X^\, s e [tx, T 



2) By using now 

A(l A(l - A)^, (1 - A)(l - 1) ^ A(l - A)^, 

Tl 1 - tx To 1 ~tx 

we get similarly to p. 231) : 



(3.24) 



\^b{T-\s),Xlu=^) + ^-fh{T-\s),Xlu^ ~h{s,Xlu=^,)\ 
^ CsX{l~X){\to-t^\-' + \Xl-X''^\-') + C\Xs-X% sE[tx,T]. 

From p.23p . p.24p . Lemma [XT] and standard SDK estimates wc then get the wished result. 

□ 
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Now we have stih to prepare the proof of Proposition 13.21 For this we recall that 
= A$(Xi ) + (1 - A)$(XO), 

(3.25) 

and we compare this equation with the BSDE 

dr," = - CB, - CsX{l - X)AlZl\u^) + C{CBs + C,-A(l - X)Al) 

+C0A(1 - A)(|to - + + - 

-n{Y^ - ^{s,X^) ~ CBs - C5A(1 - \)Al)^^ds + Z^dW,^, 
Y^ = + CBt + CsX{l - A)A|, 

(3.26) 

where Cg = 0, if / is independent of z. 

Remark 3.1 We point out that, due to Lemma lKM 

E[i f |Z;-"pdr)f s e [tx,n P ^ 1- 

J s 

This shows that above BSDE i3.26]) is well-posed. 

Lemma 3.3 Under the assumptions for Theorem \3.1\ we have 

r," [iA,T], n^l, P-a.s. 

Proof. The proof is based on the comparison theorem fLemma 14.21 in Section 4). We prepare 
for the application of this comparison theorem by the following three steps. 
Step 1. 

Using that — a+ — 6+ ^ —(a + 6) + , a, b eR, we have 

-A4L(r/- - ^ir^\t),X^))+ - (1 - A)4L(f,°'" - ^(r„-i(t),XO)) + 
-"(^?/-" + '-T^%°^;^ - {^^ir,-\t),X^) + l^^(r,-\t),X?))Y 
= - (A(l - j^)Yl'- + (1 - A)(l - ^)r,"'") - {Xyir^\t),Xl) + (1 - \MT^\t),X 

+X{1- ^)^[T-\t),Xl) +^(1 - AKl - 4^)^(r-i(t),X[;)} + 

= - ^{t, ~ to)(r/-" - y,"-") - {x^y^\t),xl) + (i - x)^{T^\t),xf)) 

- t,){^{T^Ht),xl) - ^(T^Ht),xf))}^ 

^ ~n{Yr - {X^{T^\t),Xl) + (1 - XMT^\t),X^)) - CsXil - X)\t, - t^\At] + 



where Lemma 13.11 was applied for the latter inequality. 

Hence, from the semiconcavity of ip, and since XT^'^{t) + (1 — A)TQ"^(t) = t, 



(3.27) 



-AiLjr/'" - ^(T^\t),xl)Y - (1 - A)^(rr - ip{T^\t),x^)y 

^ -n{YJ -^{t,Xt)-CsX{l-X)Al)^ 

^ -n{Yl' -ip{t,X^)-CBt-CsX{l-X)Al)^, te[tx,T], n>l, 



where Bt := sup^gft^ ^j - X^ 
We recall that, from Lemma [3T2 



EmTf""] ^ CpSr + Cp,i(A(l-A))P(|ti~ioP + |^t'-^t°n^ t e [t^,T], p ^ 1, p-a.s. (3.29) 
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Hence, 

-A^Jy/'" - ^{r^\t),Xl)y - (1 - A)^(r,"'" - ^{r^\t),X^))- 
^ -n{Yl' - (p{t,X^) - CBt - CsX{l - X)Aj)^ , t e [h,T], n^l. 

Note that, if iy9 is a constant independent of (t,x), then 

-Xf^jY,'-- - ^)+ - (1 - A)^(f,"'" - ^)+ 
^ -n(r,"-(^-C5A(l-A)A2) + , te[tx,T], n^l. 



(3.30) 



(3.31) 



Step 2. 

From the semiconcavity of / and standard arguments similar to those used in Step 1 we obtain, 
A/(rf i(s), Xl,Y^'\ V^Z^", u^) + i-^/(vi(s), X,", u^) 

n To 

=A/(rf i(s),Xi,y/-", v^Zi-,u^) + (1 - A)/(ro-i(,s),X,",r^\ 7^^;^°.",^^) 

- A(l - A)|-^{/(rr^(5),Xi,f/-", v/fr^i^",«^) - /(r-i(s),X°,nO-", V^^r,u^)} 

^/(s, x„ y;\ aV^z^" + (1 - A) Vn^z"'", u^) + C5A(i - x){\h - tol' + \xl - 



(3.32) 



Since, on the other hand. 



(3.33) 



lAv^Zi-" +J1 - A)v/?^;Z0-" - ^ 
= |A(l-V^)Zi-" + a-A)(l-V?J^)Z^'| 

A|i - Vnll^i'" - ^°:"| + |Aa - Vn) + (i - A)(i - V?^)||zo."| 
=^ C,A(1 - A)(|ii - toWZl^^ - Z^^-\ + \h - ton^°'"|) 

(see the proof of Lemma 13. 2p , we have 

^firj' is), Xl,Y}'\ V7'iZl'-,u^) + ^fir,\s), X^ Y^-^ ^jr^Z^-- , u^) 
^ fis,X,,Yl, Z^,u^) + CsXil - A)(|to - ti|2(l + |Z0'"|2) + \Xl - X^\^ (3.34) 

Thus, from Lemmas 13.11 and 13.21 

^J{r{\s), XlY}^-, VnZl^\ u^) + l^fir^\s),Xl u^) 
^ fis,X^,Y^" ^CB,~CsXil-X)AlZ^^u^) + C'Bs + C'sXil-X)Al (3.35) 
+COA(l~A)(|to-tip(l + |ZO^"|2) + |Zi."-Z^f), se[t,,T], n ^ 1. 

Remark also that if / does not depend on z, the constant Cg in (|3.35p can be chosen to be zero. 
Step 3. 

We also note that, thanks to the semiconcavity and the Lipschitz condition on $, 

X<P{X^) + (1 - A)$(X^) ^ $(X^) + CaA(1 - A)^| + CBt- (3.36) 

The above three steps allow to conclude. Indeed, taking into account p.30p . p.35p . and p.36p . 
it follows from the comparison theorem-Lemma 14.21 in Section 4 that: 



r," sc:r,", [iA,T], 1. (3.37) 

The proof is complete. □ 
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Let us now introduce the process 

Y^l = Y,^ -CBt~Cs\{l-\)Al, te[tA,T]. 

Then, for Dt := CBt + CsX{l - A)^^, t e [tx,T], we have 

= -{f{s,X^,Y:, Z-,u^) + CD, + C^X{1 - A)(|to - h\^l + \Z^'-\^) + \Zl'- - Z^/ 
i{Yl - >f{s,X^))^]ds - dD, + Z^dW^, s e [tA,r], 



$(X 



Recalhng that 



dY^'"" 



(3.38) 



(3.39) 



We can estabhsh the foUowing statement. 

Lemma 3.4 Under the assumptions of Theorem \3.1\ 

i-T 



E[ sup |y; 

se[t,T] 



\Z- - Z^'-\'ds\:Fr ]^CsDt, te[t,,T]. 



Proof. Taking into account that 

-(F: - y/-")((F: - ^{s,x^))+ - (y/-- - ^{s,x^))+) ^o,se [t,,n 

we see that, for 7 > 0, 

e^*(F: - Y,'-y + E[ r e^^(7|F: - y/''f + \Z: Zyf)ds\:Fr'] 



^2E[ e^^{Tl Y^'-"){fis,X^,r:,Zl\u^) - /(s, F/'", Z^", «^))ds| J",^ ] 
+ 2E[£ e-^^ir: - r/'")di?,| J-f 

+ 2E[j\''^{r: - Y^'-)(CD, + C,°A(1 - A)(|to - tiP(l + 1^."'"!') + 1^1'" - 
^ce[J\''^\y: - + \E[j\''^\Z- - Z^--\^ds\F^'] + c.i^ii^llJ-f ^] 



C,,,i?[ sup |F:-r/'"|(A(l-A)(|<o-iiP(l+ / \Z^,^-\'ds)+ \Zl--Zrfds) 



(3.40) 



Let 



A.T := A(l - X){\to - iiP(l + / |Z°''f rfs) + / |Zi'" - Z°''f ds) + Z?. 



Recall that Cg = 0, if / does not depend on z. If / depends on z, we have thanks to assumption 
H7) that ip is constant (see Lemma lOl ^ii): 

E[{£ - Zl^-\^dsr\J^r'] ^ Cs,pA^/, p^l, P-a.s. 
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On the other hand, from Lemma l2. 31 - ii) we know that 

E[{J^ |ZO'"|2ds)f iJ-j^"] i^Cp, te [to,T], n > 1, p ^ 1, P-a.s., 

and, hence, 

E[il^ \Z°n^dsr\:Fi^'] ^ Cs,p, t e [tA,T], 71 ^ 1, p ^ 1, P-a.s. 

Consequently, considering that from the Lemmas 13. IM ) and 13.21 it follows that E[D'?^\F'^^] ^ 
C^Df , we get, for 7 ^ C + 1, 

(3.41) 



Finally, applying the argument used for p.63p in the proof of Lemma [2?5] (or, (j2.72p in the proof 
of Lemma 12.61) it follows that 



E[ sup |F" - r/^"|2 + r \z: - Z^'f < CiD\, t e [<A,T], n > 1. 

se[t,T] Jt 

The proof is complete. 

Lemmas 13.31 and 13.41 allow to give the proof of Proposition 
Proof (of Proposition [3T2]) . 
From Lemmas 13.31 and 13.41 wc can conclude that. 



y» (= AF/^" + (1 - X)yI'^") s$ 

= Y" + Dti^ r,^'" + CsDt (3.42) 
= Yt^-" + Cs{CBt+CsX{l-X)A^), te[tx,T], n^l, P-a.s. 

Thus, the proof is complete now. □ 



4 Appendix 
4.1 BSDEs 

The objective of this section is to recall some basic results concerning backward and reflected 
backward SDEs, which are frequently used in our paper. Let (fJ, J^, P) be a compact probability 
space endowed with a d-dimensional Brownian motion and let T > be a finite time horizon. 
By = {T^ s, < s < r} we denote the natural filtration generated by the Brownian motion 
W and augmented by all P-null sets, i.e., 

J^s = cr{Wr,r < s}\/ Afp, se[0,T]. 

Here JVp is the set of all P-null sets. 

A measurable function g : x [0, T] x R x M^' ^ M satisfies that {g{t,y, z))^^^^ ^^ is F- 
progressively measurable for all (y, z) in M x M"*, and also the following standard assumptions: 

(Al) There is some real C > such that, P-a.s., for all t € [0,T], yi,y2 G K, 2i,Z2 G W^, 
\g{t,yi,zi) - g{t,y2,Z2)\ < C{\yi - y2\ + \zi - Z2\). 

(A2) g(.,0,0)eL2(0,T;R). 

The following result on BSDEs is well-known now, for its proof the reader is referred to the 
pioneering paper by Pardoux and Peng ^12^ . 
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Lemma 4.1 Let the function g satisfy the assumptions (Al) and (A2). Then, for any random 
variable ^ S L'^(0,J^t, P), the BSDE 

yt=( + J^ g{s,Ys,Z,)ds~ Z.dWs, 0<t<T, (4.1) 
has a unique adapted solution 

{Yt,Zt)te[Q,T] G 5^w(0,r) X L^,,(0,T;R''). 

Besides the above existence and uniqueness result we also recall the important comparison 
theorem for BSDEs (see, e.g., Theorem 2.2 in El Karoui, Peng, Quenez [6] or Proposition 2.4 in 
Peng [H]). 

Lemma 4.2 (Comparison Theorem) Given two coefficients gi and g2 satisfying (Al) and (A2) 
and two terminal values S^i, ^2 ^ L^{^,^T,P), we denote by (Y^ , Z^) and{Y^,Z^) the solution 
of the BSDE with the data (^1,(71) and (^2,52), respectively. Then we have: 

(i) (Monotonicity) If > ^2 o,nd gi > g2, a.s., then > Y^ , for all t G [0,r], a.s. 

{ii) (Strict Monotonicity) If, in addition to (i), we also assume that P{^i > ^2} > 0, then 
P{r/ > Yj^} > 0, for all 0<t<T, and in particular, Yff > Y^. 



4.2 Reflected BSDEs 

After the above very short recall on BSDEs let us come now to reflected BSDEs (RBSDES). 
Here we only introduce RBSDEs with lower barriers; the results on RBSDEs with upper barriers 
are symmetric. An RBSDE is connected with a terminal value ^ G L'^{^1,J-t,P), a generator 
g and a "barrier" process {St}Q<t<T- We shall make the following condition on the barrier 
process: 

(A3) {St}o<t<T is a continuous process such that {S't}o<t<T € '5^w(0,r). 

A solution of an RBSDE is a triple (Y, Z, K) which is F-progressively measurable processes, 
take its values in M X R'* X M+, and satisfy the following conditions 

(i) Y e 52(0, r;R), Z e 'H'^{0,T;«^) and Kt G L^{VL,Ft,P); 

{ii) Yt=^ + J^ g{s,Y,,Z,)ds + KT-Kt ~ Z^dWs, t e [0,T]; (4.2) 
(in) Yt > St, a.s., for any t e [0,T]; 

(iv) {Kt} is continuous and increasing, Kq = and / (Yt — St)dKt = 0. 

Jo 

The following two lemmas can be referred to Theorem 5.2 and Theorem 4.1 in El Karoui, 
Kapoudjian, Pardoux, Peng and Quenez [7], respectively. 

Lemma 4.3 Assume that g satisfies (Al) and (A2), ^ belongs to L^{Q,J^T7 P), {St}o<t<T sat- 
isfies (A3), and St < ^ a.s. Then RBSDE has a unique solution {Y,Z,K) G S^wiO,T) x 
Ll„{0,T;R'i) X Al„{0,T). 

Remark 4.1 For simplicity, a given triple {^,g, S) is said to satisfy the Standard Assumptions 
if the coefficient g satisfies (Al) and (A2), the terminal condition ^ belongs to L^{Q,,J-t, P), 
the barrier process S satisfies (A3) and St < a.s. 
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Lemma 4.4 ( Comparison Theorem) Assume that two triples (Ci, ffii 5*^) and (^2, 52, 5*^) satisfy 
the Standard Assumptions, and one of the both generators gi and 52 to he Lipschitz. Further- 
more, we make the following assumptions: 

(i) < 6, 

(ii) gi{t, y, z) < g2{t, y, z), a.s., for {t, y, z) e [0, T] x R x R'*; 

(iii) S} < Sj, a.s., forte [0,T]. 

Let {Y\Z'^,K^) and {Y^,Z^,K^) be solutions of RBSDEs with data {^i,gi,S^) and 

(£.2,92,3'^), respectively. Then < Y^ , a.s., fort G [0,T]. 

Lemma 4.5 Let (Y, Z, K) be the solution of the above RBSDE with data {£,g, S) satisfying 
the above Standard Assumptions. Then there exists a constant C such that 

sup / \Zs\''ds + \KT-Kt\''\Ft]<CE[e +( I g(s,0,0)ds) +sup52|J-t]. 

t<s<T Jt \Jt J t<s<T 

The constant C depends only on the Lipschitz constant of g. 

Lemma 4.6 Let {£,g,S) and {^',g',S') be two triples satisfying the above Standard Assump- 
tions. {Y,Z,K) and {Y' , Z' , K') are the solutions of RBSDE {j.^ with the data {£,g,S) and 
{£,',g',S'), respectively. We define 

A^ = ^-e, Ag = g-g', AS = S - S'; 

AY = Y-Y', AZ^Z-Z', AK^K-K'. 

Then there exists a constant C such that, 

S[ sup \AY,f+[ \AZsfds + \AKT~AKtf\J^t] 

t<s<T Jt 

<CE[\AS,\^ \Ag{s,Y,,Z,)\d^ \Ft] + C (^E[^&n^^\ASs\^\Tt]^ ' 



wh- 



ere 



■^t,T = Em^+[( \g{s,QMds\ + sup \Ss? 

\Jt J t<s<T 

\Jt J t<s<T 

The constant C depends only on the Lipschitz constant of g' . 

The Lemmas 4.5 and 4.6 refer to the Propositions 3.5 and 3.6 in [7], and their generahzations 
can be consulted in fTB^ (the Propositions 2.1 and 2.2 therein), respectively. 

Remark 4.2 For the Markovian case where the barrier process is a deterministic function of 
the solution of the associated forward equation. Lemma 4-6 has been considerably improved. 
Indeed, Proposition 6.1 in 'SI shows that Y is Lipschitz with respect to the possibly random 
initial condition of the driving forward SDE which solution governs the RBSDE as well as its 
barrier. 
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